Abstract. Bonatti and Langevin gave an example of Anosov flow which is transitive, admits a transverse torus, but is not topologically conjugate to a suspension flow. We give another description of this example as a suspension flow of a pseudo-Anosov map on the 2-sphere surgered along two closed orbits and generalize it to produce infinitely many examples with same properties.
Introduction
The suspensions of hyperbolic automorphisms of the 2-torus and the geodesic flows of hyperbolic surfaces are typical examples of Anosov flow on 3-manifolds. These examples are transitive, that is, they contain a dense orbit.
Verjovsky proved in [V] that in dimension equal to or greater than 4 every Anosov flow with a codimension one invariant foliation is transitive. This does not hold in dimension 3 and in fact Franks and Williams constructed non-transitive examples by using DA-operations [FW] .
If an Anosov flow is not transitive then there exists a finite collection of tori transverse to the flow and it isolates the basic sets of the flow. It is natural to ask whether transitive Anosov flows with a transverse torus are always topologically conjugate to suspensions. But this turned out to be negative, because Bonatti and Langevin constructed an example of transitive Anosov flow on a graph manifold which admits a transverse torus but is not topologically conjugate to a suspension.
Such examples can be found also in [Br2] .
In [Ba] , Barbot developed surgery techniques introduced in [HT] and [G] In this paper, we take another approach to the Bonatti-Langevin example. An orientable immersed surface Σ is called a Birkhoff section for a flow φ t if it satisfies the following:
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(1) the interior IntΣ is an embedded surface transverse to φ t and the boundary ∂Σ consists of closed orbits of φ t ,
(2) there is a t 0 > 0 such that every orbit meets Σ in any time interval of length t 0 .
In [F] , Fried has proved that every transitive Anosov flow admits a Birkhoff section. 
On the other hand, the Bonatti-Langevin example admits a transverse torus which is not a global section. We further investigate the relation between the Birkhoff section and the transverse torus to produce an infinite family of examples with same properties.
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The Bonatti-Langevin example
In this section, we review the Bonatti-Langevin example of Anosov flow. For the precise description, see [BL] .
We first construct the underlying 3-manifold M . In the following, S 1 is considered as a circle R/4Z. DefineM , a manifold with boundary, asM = (
coordinates (x, y, θ) . Let M 0 =M / Φ be the quotient space ofM by the action generated by Φ(x, y, θ) = (x + 2, −y, −θ). Then M 0 is topologically a non-trivial S 1 -bundle over projective plane with two holes. Let T 1 be the boundary component corresponding to {|y| = 1} and T 2 be the one corresponding to {x
We define the gluing map 
where C 2 is a sufficiently large positive number depending on C 1 . Then the trace of this linear map is equal to −C 2 , which is < −2 for adequate choice of C 1 , and therefore this map is hyperbolic. 
Birkhoff section and the return map
In this section, we construct a Birkhoff section for φ t in an explicit way. We continue to consider the coordinates in M 1 .
We define pieces of surface:
and the edges in the boundary of them:
, so S 1 and S 2 glue together on these edges (See Figure 2) . To see that i : Σ → M is a Birkhoff section, it remains to prove that there exists a positive number t 0 so that for every point z ∈ M the orbit φ t (z) intersects i(Σ) in time interval t 0 . Note that for each point (x, y, θ) ∈ M 1 the positive orbit {φ t (x, y, θ) : t ≥ 0} meets T 2 if x = 1, and is attracted to γ otherwise. By construction of φ t and S 1 ∪S 2 , there exist > 0 and Figure 3 shows the images of ∆ i 's by projection on S 1 ∪S 2 along the orbits of φ t for t ≥ 0, where we draw S 1 ∪S 2 so that S 1 ∩γ is taken to be the point at infinity. Since these projections are continuous on each ∆ i and
every positive orbit passing through T intersects i(Σ) within a bounded time interval. (This fact can be also verified directly.) By taking a double covering with branch points being these singularities, we obtain an Anosov diffeomorphism on the 2-torus, which can be represented by a linear automorphism. Take 4 edges e 1 , e 2 , e 3 , e 4 on Σ * which connect singularities of the invariant foliations and correspond to e 1 , e 2 , e 3 , e 4 in M and denote by P i (i = 1, 2, 3, 4) the singularity within e i and e i+1 , where e 5 is understood to be e 1 . These edges divide Σ * into two regions S 1 and S 2 correspond-
2 ), (0, 0), respectively. Let a 1 , a 2 , a 3 , a 4 be oriented arcs on S 1 which start from O and end at P 1 , P 2 , P 3 , P 4 respectively. By tracing the orbits of φ t very carefully, we can see that the images of these arcs by f * are as in Figure 4 . Figure 4 . Image of arcs
Let τ 1 and τ 2 be elements in Diff (Σ * , Π), where Π = {P 1 , P 2 , P 3 , P 4 }, defined by affine maps:
) .
and a diffeomorphism of Σ * \ (a 1 ∪ a 2 ∪ a 3 ∪ a 4 ) relative to its boundary is isotopic to the identity, the return map f * is isotopic to the map:
Then the rigidity of pseudo-Anosov map ( [FLP] , Exposé 12) implies that f * is in fact conjugate to τ −1
Braid representation and Generalization
Recall that the Bonatti-Langevin example can be reconstructed by Dehn surgeries on closed orbits of the suspension flow of f * ( [F] ). Since any diffeomorphism of the 2-sphere is isotopic to the identity, the suspension flow of f * is defined on S 2 × S 1 . There the closed orbits corresponding to 4 singularities make a closed braid with 4-strands and the transverse torus T is a surface bounded by that braid. Let us figure out the braid and surface in S 2 × S 1 . If we modify the coordinates, we may further assume that φ (resp. τ −1 1 ). The orbits passing through P 1 , P 2 , P 3 , P 4 determine a closed braid which bounds the transverse torus T in S 2 × S 1 .
Decompose T into subsets S 2 , ∆ 1 , ∆ 2 , ∆ 3 , ∆ 4 as in Section 3 and denote ∆ = ∆ 1 ∪∆ 2 ∪∆ 3 ∪∆ 4 , then S 2 coincides with A 1 × {0}. Note that each ∆ i share the edge e i with S 2 and that near these edges ∆ 1 and ∆ 3 (resp. ∆ 2 and ∆ 4 ) lie on the past (resp. the future) of S 2 × {0} with respect to the time parameter t of the flow φ t f * , or equivalently the s-coordinate. Thus by an isotopy along the orbits of φ 1 (h(∆)) coincides the union of the images of ∆ i 's in Figure 3 , so h(∆) is isotopic to the image of that union under τ 1 , which is isotopic to A 1 × { 1 2 }. Therefore we have verified that T is isotopic to the surface defined by the following (see Figure 6 ): Figure 6 . Closed braid and transverse torus Indeed, this is a surface of genus 1 with 2 boundary components, each of which is tangent to a closed orbit. On a neighborhood of each boundary component, the surface T meets the stable manifold of the corresponding closed orbit two times. Thus by the Dehn surgery along those closed orbits such that T becomes a closed surface, we obtain an Anosov flow on the resulting manifold ( [F] ). This is in fact the Bonatti-Langevin example.
The description of surface by plaques and twisted bands enables us to find a family of similar examples.
Proposition 4.1.
(1) For positive odd integers n 1 , n 2 , the suspension flow φ t n1,n2 of the map τ
admits a genus one surface T n1,n2 bounded by two closed orbits passing through
(2) For positive even integers m 1 , m 2 , m 3 , m 4 , the suspension flow φ t m1,m2,m3,m4 of the map τ
admits a genus one surface T m1,m2,m3,m4 bounded by four closed orbits passing through P 1 , P 2 , P 3 , P 4 .
Proof. 1. We realize the flow φ t n1,n2 as above. Then we only have to take the surface: 
Define the surface:
Then T m1,m2,m3,m4 is a surface of genus 1 with 4 boundary components. or T m1,m2,m3,m4 meets twice the stable manifold of the corresponding closed orbit. Therefore by the Dehn surgeries along those closed orbits which make the torus closed, we obtain a transitive Anosov flow on the resulting manifold. Let us show that this is not conjugate to a suspension nor a BL-flow.
For a suspension Anosov flow and Anosov BL-flows, the transverse torus is determined uniquely up to isotopy. All orbits of a suspension meet the transverse torus and a BL-flow has one and only one closed orbit that avoid the transverse torus. So to see that φ t n1,n2 or φ t m1,m2,m3,m4 is not topologically conjugate to them, it is enough to prove that there exists at least two closed orbits which do not intersect T n1,n2 or T m1,m2,m3,m4 .
For the first case, any point p ∈ S 2 that satisfies p ∈ IntA 2 , τ −n2 2
(p) ∈ IntA 2 and τ
(p) = p defines the closed orbit passing through p × {0}. There are n 1 n 2 distinct points on S 2 with this property, namely {(
) : P, Q are odd integers such that 0 < P < 2n 2 , 2n 1 < Q < 4n 1 }. To prove the latter case, let us find points p ∈ S 2 such that p ∈ IntA 2 , τ
(p) ∈ IntA 1 and τ
This condition can be written as:
Consider the branched double-covering π : T 2 → S 2 and define four squares B 1 = [0,
Take the point q ∈ IntB 4 that is a pull-back of the point p ∈ IntA 2 . Since the map τ
(q) ∈ IntB 2 . Therefore points τ (q) can be written as:
or more shortly, ( −16cd 4(a + c)
Now we will specify a point q = (u 0 , v 0 ) that satisfies all the conditions above. Let 2 ) also satisfies similar properties and π(q ) = π(q), so it defines another closed orbit avoiding the torus. Therefore we have proved the theorem.
